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Estimations of the accuracy for Hardy-Littlewood and Bateman-Horn conjectures 
                                   VICTOR VOLFSON 
ABSTRACT. This paper shows that one often can use only probabilistic estimates in 
many cases for the analysis of the distribution of primes on the natural numbers and arithmetic 
progressions, and also for study the distribution of prime k - tuples and prime values of the 
polynomials on the natural numbers. The author generalizes Cramer’s model to describe Hardy-
Littlewood (concerning k - tuple) and Bateman-Horn conjectures. In the paper probabilistic 
models for estimation of the accuracy of these conjectures were constructed. The author proved 
performance using of the central limit theorem in the form of Lyapunov for these probabilistic 
models. He found and proved the probabilistic estimates of the accuracy for Hardy-Littlewood 
and Bateman-Horn conjectures and showed the validity of these estimates in various cases. 
1. INTRODUCTION  
This paper discusses probabilistic estimations of the accuracy of Hardy-Littlewood 
(concerning k- tuples) and Bateman-Horn conjectures. In many cases probabilistic estimations 
are often the only possible method for analysis of the distribution of primes in various sequences 
of the natural numbers. 
Littlewood proved the following theorem in [1]. One can find a constant C  for 
sufficiently large x , that the inequality holds: 
1/2| ( ) ( ) | ( ln ln ln( ) / ln( )) x Li x C x x x   ,      (1.1) 
where ( )x is the number of primes not exceeding x . 
 From (1.1) you can talk only about the probability ( P ) of the performance of the 
inequality:  
1/2
1 1 1 1 1 1(| ( ) ( ) | ( ln ln ln( ) / ln( ))) 1  P x Li x C x x x         (1.2)  
____________________________________________________________________________ 
Keywords: probabilistic model, generalized Cramer’s model, random variable, central 
limit theorem in the form of Lyapunov, asymptotic normal distribution, probability estimates, 
prime numbers, k-tuple, twin primes, Hardy-Littlewood conjecture, Bateman-Horn conjecture. 
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for some fixed 
1  x and some large fixed 1C . At the same time this probability is less than 1. 
Indeed, inequality (1.2) is greater than in the Riemann conjecture, so it is satisfied with the 
probability less than 1. 
This type of probabilistic models of the distribution of primes in the natural number was 
constructed in [2]. 
Let us denote ( ; , )x k l - the number of primes not exceeding x in the arithmetical 
progression , ( , ) 1kn l k l  .  Dirichlet's theorem concerning primes in the arithmetic 
progressions , ( , ) 1kn l k l   asserts: 
( ; , ) ~ ( ) / ( )x k l x k           (1.3) 
where ( )k  is Euler function at the point k . However, the deviation of ( ; , )x k l from 
( ) / ( )x k   for finite values x  and various ,k l may be significant. 
Formula (1.3) is true for value x tends to infinity. The question is in uniform 
implementation of formula (1.3) for large values k , growing at the same time as value x . 
It is known that (1.3) holds uniformly for all ln ( )Nk x  [3], and almost for all 
1/2 2/ ln ( )k x x  and for all ( , ) 1k l   [4] and almost for all 2/ ln ( )k x x and almost for all 
( , ) 1k l   [5], where N  is an arbitrarily large positive number and 0  . 
Let us study theorem of Bombieri-Vinogradov in a more detailed way:  
( , , ) ( ) / ( )[1 (ln ( ) / ln ( ))]c ax k l Li x k O x k        (1.4) 
for all ( , ) 1l k  and k from the interval [ ,2 ]M M except not more / ln ( )caM M modules with the 
condition 1/2 / ln ( )caM x x 1/2 / ln ( )caM x x . We can write (1.4) as: 
| ( , , ) ( ) / ( ) | ( , , , )x k l Li x k B G x k c a    ,      (1.5) 
where the constant 0B   and ( , , , ) ( ) ln ( ) / ( ) ln ( )c aG x k c a Li x x k k . 
The number of modules at the interval [ ,2 ]M M  isM , so the share of excluded 
modulus is equal to / ln ( ) 1/ ln ( )ca caM M M M . Since 1/2 / ln ( )caM x x , then the share of 
excluded modules is: 
1/21/ ln ( ) 1/ ln ( / ln ( ) 1/ [1/ 2ln( ) ln ln( )]ca ca ca caM x x x ca x   .    (1.6) 
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If 1, 2c a  , then 2ca   , where 0   and (1.6) can be written as: 
2 21/ ln ( ) 1/ [1/ 2ln( ) (2 )ln ln( )]M x x     .      (1.7) 
From (1.7) the share of excluded modules at a finite value x is not equal to 0. Therefore 
formula (1.5) is also satisfied with the probability less than 1. 
This type of probabilistic models of the distribution of primes in the arithmetic 
progression was also constructed in [2]. 
Grenville [6] asserts that every conjecture of the distribution of primes, including Hardy-
Littlewood conjecture about k - tuple, should be viewed in the light of Mayer’s work [7]. For 
example, the deviation of actual number of k- tuples from the calculated with the formulas of 
Hardy-Littlewood conjecture [8] for certain k- tuples is significant. Therefore the estimation of 
the deviation can be performed only with a certain probability less than one which depends on 
the type of k- tuple. This probabilistic approach will be implemented in this paper in the 
estimation of the accuracy of Hardy-Littlewood conjecture concerning k-tuple. 
Let us suppose that all the conditions of Bateman-Horn conjecture [9] are performed for 
the polynomial 1
11 1 0
( ) ...
h
hf n a n a n a    . 
If
1 2
... 0ha a   , then:  
1 1 0( )f n a n a            (1.8)  
is the arithmetical progression with 1 0( , ) 1a a  , then for (1.8) is performed:  
1 0 1( , , ) ~ ( ) / ( )x a a Li x a  .        (1.9)  
Thus, considering Bateman-Horn conjecture, we obtain 1 1( ) 1/ ( )C f a .  
Based on Bombieri-Vinogradov theorem, formula (1.9) for deviation (1.5) is satisfied 
only with the probability less than 1. 
It can be assumed that the similar result will be obtained when the leading coefficients of 
polynomials are different from 0 and the probability estimates are valid only for the deviation in 
Bateman-Horn conjecture with the probability less than 1. This probabilistic approach will be 
implemented in this paper for the estimations of the accuracy of Bateman-Horn conjecture. 
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2. THE GENERALIZED PROBALISTIC CRAMER’S MODEL 
Paper [10] contains probabilistic Cramer’s model for the distribution of primes in natural 
numbers, which is used in the eponymous conjecture to measure the maximum gap between 
consecutive primes. 
Let 1,... ,....iU U an infinite series of urns containing black and white balls, the chance of 
drawing a white ball from 
nU  being 1/ ln(i)ip  for 2i  , while the composition of 1,... ,....iU U  
may be arbitrary chosen. Now we assume that one ball is drawn from each urn so that infinite 
series of alternately black and white balls is obtained. 
If iP  denotes the number of the urn from which the  i  - th white ball in the series was 
drawn, the numbers 1 2 , ,...P P  will form an increasing sequence of integers, and we shall consider 
the class C  of all possible sequence ( )iP . Obviously the sequence in ordinary prime numbers 
belongs to this class. 
Grenville’s paper [6] treated upon malfunctioning in the probabilistic Cramer’s model. 
The main disadvantage of this model is the independence of the events that successive odd and 
even numbers are primes. 
 The events that natural numbers 1 22 , 2 ,..., 2 kn m n m n m   are primes will be dependent 
in Hardy-Littlwood conjecture. Therefore it is necessary to generalize Cramer’s model 
considering the distribution of primes k - tuples. 
We assume that the events (natural numbers 1 22 , 2 ,..., 2 kn m n m n m   are all primes in  
k - tuple) are dependent, and the events (appearance of the individual primes k -tuples in the 
natural numbers) are independent in the generalized Cramer’s model. 
Further it will be proved that this generalized model is quite sufficient in ascertaining the 
distribution of primes k - tuples in the natural numbers and determining the accuracy of Hardy-
Littlwood conjecture concerning k - tuples with probability close to 1. 
3. THE CENTRAL LIMIT THEOREM IN THE FORM OF LYAPUNOV 
Let us formulate the central limit theorem in the form of Lyapunov [11] in the following 
way. Let mutually independent random variables be 1,... ,...nx x  the finite absolute central 
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moments of the third order 3(| | )i iM x a  ( 1,2,...i  ), where ia is the expectation of a random 
variable ix , and these moments satisfy the condition: 
3 3/2
1
lim (| | ) / ( ) 0
n
i i n
n
i
M x a D


  ,       (3.1) 
then the random variable 
1
n
n i
i
z x

 has an asymptotic normal distribution. 
The random variable 
ix takes the value 1 with probability ip  and the value 0 with 
probability 1 ip in the generalized probabilistic Cramer’s model. Therefore perform i ia p . 
Then:  
3 3 3 3 2 2 2(| | ) (| | ) (1 ) (1 ) ( )[(1 ) ].i i i i i i i i i i i ix a M x p p p p p p p p p            (3.2)  
The variance of the random variable 
1
n
n i
i
z x

 is equal to: 
2
1 1
n n
n i i
i i
D p p
 
            (3.3)  
in the generalized probabilistic Cramer’s model. 
Proceeding from (3.2), (3.3) we get: 
3 3/2 2 2 2 2 3/2 2 1/2
1 1 1 1
(| | ) / ( ) ( )[(1 ) ] / ( ( ) 1/ ( ( ) .
n n n n
i i n i i i i i i i i
i i i i
M x a D p p p p p p p p
   
           (3.4)  
If the series 2
1
( )i i
i
p p


  diverges ( nD  tends to infinity), then on the basis of (3.4) 
condition (3.1) of the central limit theorem holds in the form of Lyapunov. 
4. THE ESTIMATION   OF THE ACCURACY    OF HARDY-LITTLWOOD  
K-TUPLE CONJECTURE 
We admit that k - tuple is a finite subset of natural numbers 1 1, 2 ... 2 kn n m n m   , where 
1 1,... km m  are fixed natural numbers 1 1( ... )km m    and n  is any natural number. Examples of 
k - tuples in the form ( , 4, 10)n n n   are (1,5,11),(2,6,12),(3,7,13) . 
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If all the numbers of k - tuple 1 1, 2 ,... 2 kn n m n m   take prime values, then k - tuple is 
prime. Examples of prime k -tuples ( , 4, 10)p p p   are: (3,7,13),(7,11,17) .  
We will exclude from consideration k - tuples in which numbers 1 1, 2 ... 2 kn n m n m    
form the complete system of residues modulo p , where p is a prime number not exceeding k , as 
natural numbers have the final amount of such tuples. For example, there is only one prime k  - 
tuple ( , 4, 8)p p p  - which is (3,7,11) . 
Let us suppose that all the assumptions of Hardy-Littlewood k-tuple conjecture are 
performed, then, basing on Hardy-Littlewood conjecture, the number of prime k-tuples not 
exceeding the value x is derive with the formula: 
1 1 1 1
2
(m ,...m , ) ~ (m ,...m ) / ln ( )
x
k
k kx C dt t     .      (4.1) 
The value of the coefficient in (4.1) is: 
1
1 1 1 1
2
( ,... ) 2 (1 ( ,... ) / ) / (1 1/ )k kk k
p
C m m w m m p p 

       (4.2) 
where 1 1( ,... )kw m m   is the number of solutions of the comparison: 
1 1( 2 )...( 2 ) 0( mod )kx x m x m p   .       (4.3) 
Basing on (4.1) we assume (in the generalized Cramer’s model) that the probability of 
choosing a white ball from i - th urn is:  
1 1( ,... ) / ln ( )
k
i kp C m m i ,         (4.4)   
where the value 1 1( ,... )kC m m   is determined by formula (4.2). 
The sequence of prime k - tuples is equivalent (in the sense of equality of the first 
members) to the sequence of natural values n  for which the number n  and all other numbers in 
k - tuple are primes. Therefore the sequence of prime k - tuples is equivalent to subsequence of 
the primes. Consequently the sequence ( )iP  is an integer, non-negative, strictly increasing and 
belongs (in this case) to the class K of Cramer’s model. 
Let iJ  be the random variable that takes the value - 1 if we chose the white ball from the  
  i - th urn, and 0 - otherwise. Therefore the random value 
1
( ) ( )
x
i
i
J x J

  is the sum of 
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independent random variables
iJ . Let us find the characteristics of the probability model for the 
sequence of k - tuples. 
Basing on (4.4) the expectation of the random variable ( )J x  is equal to: 
1 1 1 1
2
2
( ( )) ( ,... ) / ln ( ) ( ,... )
ln ( )
x x
k
k k k
i
dt
M J x C m m i C m m
t
 

       (4.5) 
where 1 1( ,... )kC m m   is determined basing on (4.2) and (4.3). 
We should note that the number of prime - tuples is determined by formula (4.5) in 
Hardy-Littlewood conjecture. 
The variance of the random variable ( )J x  (based on the independent of random 
variables iJ ) is equal to: 
2 2
1 1 1 1
2 2
( ( )) ( ,... ) / ln ( ) ( ( ,.. ) / ln ( ))
x x
k k
k k
i i
D J x C m m i C m m i 
 
     
2
1 1 1 1 22 2
( ,... ) ( ,... )
ln ( ) ln ( )
x x
k kk k
dt dt
C m m C m m
t t
   .      (4.6) 
Now let us treat upon the accuracy of formulas (4.5) and (4.6). 
The assertion was proved in [12] - the function ( ) 1/ ln ( )kF x x  at the value 1A  is 
performed: 
            ( 1)D L F k  ,         (4.7) 
where 0,6202...L  ,
0
lim | ( ) ( ) |
n n
An
i
D F A i F x dx


    . 
Basing on (4.7) it can be shown that the error in equation (4.5) is negligible. Similarly it 
is true for formula (4.6). 
The condition of the central limit theorem (in the form of Lyapunov) is performed as the 
series: 2 21 1 1 1
2 2
( ,... ) / ln ( ) ( ,... ) / ln ( )k kk k
i i
C m m i C m m i
 
 
 
   diverges (see the assertion proved 
earlier in Section 3). Therefore (for large values x ) we obtain the relation (based on the central 
limit theorem): 
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1 1
2
(| ( ) ( ,... ) |
ln ( )
x
k k
dt
P J x C m m
t
 
2
1 1 1 1 22 2
( ,... ) ( ,... ) ) ( )
ln ( ) ln ( )
x x
k kk k
dt dt
S C m m C m m F S
t t
     (4.8) 
where ( )F S  is the value of the function of the module standard normal distribution in the point 
S . Thus such value S  can be selected that the probability of relation (4.8) will be arbitrarily 
close to 1. 
As an example we compare the difference between the number of twin primes not 
exceeding x (defined on the basis of Hardy-Littlewood conjecture) and the actual number of twin 
primes with the value of standard deviation obtained by formula (4.8) ( 11, 2k m  ): 
2
2 42 2ln ( ) ln ( )
x xdt dt
C C
t t
  ,         (4.9) 
where 1,32...C  . The data are presented in Table 1. 
Table 1. 
Value x  The actual 
number of twin 
primes 
 
The calculated 
number of twin 
primes defined 
using Hardy-
Littlewood 
conjecture 
The difference 
between 
calculated and 
actual number of 
twin primes 
The standard 
deviation 
obtained by 
formula (4.9) 
 
510  1224 1249 25 35 
610  8169 8248 79 90 
710  58980 58754 -226 242 
 
Note that, when the value 710x  , the difference is negative, but when the values 
5 610 ,10x   then the difference is positive, what corresponds to a normal probability distribution. 
It is also worth attention that the difference between calculated and actual numbers of 
twin primes is very small. This difference does not exceed the value of standard deviation. 
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Let us compare the difference between the number of prime k - tuples in the interval from 
2 to x (determined on the basis of Hardy-Littlewood conjecture) and the actual number of prime 
k - tuples with standard deviation value obtained by formula (4.8): 
2
1 1 1 1 22 2
( ,... ) ( ,... )
ln ( ) ln ( )
x x
k kk k
dt dt
C m m C m m
t t
   ,     (4.10) 
where the value 1 1( ,... )kC m m  is defined by formula (4.2). 
For example, let us consider prime k- tuples ( , 4, 6)p p p  . The value of the coefficient 
determined by formula (4.2) for k-tuple is (4,6) 2,858248596...C  . Basing on (4.10) the value 
of the standard deviation for this prime k-tuple is: 
2
3 62 2
(4,6) (4,6)
ln ( ) ln ( )
x xdt dt
C C
t t
  .       (4.11) 
The data are presented in Table 2. 
Table 2 
Value x  The actual 
number of 
prime k- tuples 
( , 4, 6)p p p   
The calculated 
number of prime  
k- tuples defined 
by Hardy-
Littlewood 
conjecture 
The difference 
between the 
calculated and 
the actual 
number of prime 
k- tuples 
The standard 
deviation obtained by 
formula (4.11) 
 
610  1444 1446 2 16 
710  8677 8591 -86 38 
810  55556 55491 -65 93 
 
Note that if the value 7 810 ,10x    the difference is negative, and if the value  610x   the 
difference is positive. This corresponds to a normal probability distribution. 
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It is also worth of attention that the deviation of the number of prime k- tuples defined on 
the basis of Hardy-Littlewood conjecture from the actual value does not exceed the value of 3-th 
standard deviations. 
5. THE ESTIMATION OF THE ACCURACY OF BATEMAN-HORN CONJECTURE 
Let us suppose that all assumptions of Bateman-Horn conjecture including that 
polynomials 
1,... rf f take integer values on the set of natural numbers, with natural degrees, 
respectively
1,... rh h , and positive coefficients at the greatest degree of the polynomials. We also 
assume that all these polynomials take an infinite number of prime values on the set of natural 
numbers. 
There is Schinzel’s conjecture in this respect. The author of this conjecture believes that 
for the implementation of this suggestion one condition is enough: all these polynomials are 
irreducible in the ring of integers, and do not have the integer dividers. Since Schinzel’s 
conjecture has not been proven, it is just making the assumption about the infinite number of 
prime values of the polynomials on the set of natural numbers. 
Basing on Bateman-Horn conjecture, the number of values of natural numbers not 
exceeding x (in which all polynomials take prime values) is asymptotically equal to: 
1
1 1 1
2
( ,... , ) ~ ( ,... )( ... ) / ln ( )
x
r
r r rf f x C f f h h dt t
   .      (5.1) 
The value of the coefficient in (5.1) is: 
1 1( ,... ) (1 ( ,... ) / )(1 1/ )
r
r r
p
C f f w f f p p    ,     (5.2) 
where 1( ,... )rw f f is the number of solutions of the 
congruence 1( ) ... ( ) 0( mod )rf n f n p   . 
Note that if the value 1( ,... )rw f f p  for some p , then 1( ,... ) 0rC f f   and at least one of 
the polynomials takes a finite number of prime values on the set of natural numbers. In this case 
the clauses of Schinzel’s conjecture are not fulfilled and (5.1) is equal to 0. If 1( ,... )rw f f p , the 
clauses of Schinzel’s conjecture are satisfied and value (5.1) is different from 0. 
We obtain 1( ) 1C f   if 1r  and 1f n . It is the asymptotic law of prime numbers. We 
obtain 1 2( , ) 1,32...C f f  if 2r  , 1f n  and 2 2f n  . It is Hardy-Littlewood conjecture 
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concerning twin primes.  We obtain Hardy-Littlewood conjecture concerning k – tuples if r k , 
1f n , 2 12f n m   and 1 12k kf n m    . 
We generalize the probabilistic Cramer’s model for Bateman-Horn conjecture. 
The difference between the probability model of Bateman-Horn conjecture and the model of 
Hardy-Littlewood conjecture is only in the fact that in this model the probability to choose a 
white ball from  - th urn is equal to: 
1
1 1( ,... )( ... ) / ln ( )
r
i r rp C f f h h i
 .       (5.3) 
The value 1( ,... )rC f f in (5.3) is defined by (5.2). 
Let us analyze the sequence of positive integers n for which the polynomial 1( )f n takes 
prime values. Since the leading coefficient of the polynomial is positive on the condition of the 
conjecture, then starting with the certain values 1n N  the sequence 1( )f n is a positive integer 
and strictly increasing. Therefore the sequence of positive integers in which the polynomial takes 
the prime values has the form;  11 ( )n f p
  (where p - prime values, 1( )f a - the inverse of the 
function at the point a ) is also a positive integer, and strictly increasing. 
Now we will examine the sequence of positive integers n for which all polynomials 
1( ),... ( )rf n f n  simultaneously take prime values. Since the leading coefficients of the 
polynomials 1( ),... ( )rf n f n are positive (on the condition of the conjecture) then starting with a 
certain value n N , this sequence of natural numbers is the subsequence of the 
sequence 11 ( )n f p
 , and so it is a positive integer, and strictly increasing. 
Supposing that the sequence of numbers of urns from which we take the white ball ( )iP in 
Cramer’s model is a sequence of positive integers for which all values 1( ),... ( )rf n f n are primes 
in this case. Consequently the sequence ( )iP is an integer, non-negative, strictly increasing; 
therefore it belongs to the class K of Cramer’s model.  
Let ( )G x  be the number of values iP which does not exceed x . Let iG  be the random 
variable which takes the value 1, if the white ball is taken from i - th urn and 0 otherwise. 
Therefore the random variable 
1
( ) ( )
x
i
i
G x G

 is the sum of the independent random variables iG . 
Now we will define the characteristics of the probabilistic model for Bateman-Horn 
conjecture. 
12 
 
The expectation of the random variable based on formula (26) is equal to: 
1 1
1 1 1 1
2
2
( ( )) ( ,... )( ... ) / ln ( ) ( ,... )( ... )
ln ( )
x x
r
r r r r r
i
dt
M G x C f f h h i C f f h h
t
 

   ,  (5.4) 
 
where 
1( ,... )rC f f  is determined by formula (5.2). 
Note that the number of positive integers for which the polynomials 
1,... rf f take prime 
values (in Bateman-Horn conjecture) is determined by formula (5.4). 
The variance of the random variable ( )G x  (basing on the independent random 
variables iG ) is equal to: 
  1 2 2 21 1 1 1
2 2
( ( )) ( ,... )( ... ) / ln ( ) ( ( ,.. ) ( ... ) / ln ( ))
x x
r r
r r r r
i i
D G x C f f h h i C f f h h i 
 
     .  
1 2 2
1 1 1 1 22 2
( ,... )( ... ) ( ,... ) ( ... )
ln ( ) ln ( )
x x
r r r rr r
dt dt
C f f h h C f f h h
t t
    .   (5.5) 
Now let us treat upon the accuracy of formulas (5.4) and (5.5). Earlier I wrote that there 
is performed the estimate: ( 1)D L F k   for the function ( ) 1/ ln ( )kF x x  where 0,6202...L  ., 
0
lim | ( ) ( ) |
n n
An
i
D F A i F x dx


    and A>1. 
It can be shown (basing on this assertion) that the error in formula (5.4) is negligible. The 
same is true for formula (5.5). 
The series 1 2 2 21 1 1 1
2 2
( ,... )( ... ) / ln ( ) ( ,... ) ( ... ) / ln ( )r rr r r r
i i
C f f h h i C f f h h i
 
 
 
   diverges as 
(basing on the assertion proved in section 3) the conditions of the central limit theorem in the 
form of Lyapunov are satisfied.  
Therefore we obtain the relation (for large values x ): 
1
1 1
2
(| ( ) ( ,... )( ... ) |
ln ( )
x
r r r
dt
P G x C f f h h
t
   
1 2 2
1 1 1 1 22 2
( ,... )( ... ) ( ,... ) ( ... ) ) ( ),  
ln ( ) ln ( )
x x
r r r rr r
dt dt
S C f f h h C f f h h F S
t t
     (5.6) 
where ( )F S  is the value of function module of the standard normal distribution in the point S . 
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Thus the value S  can be selected in such a way that the probability of relation (5.6) has been 
arbitrarily close to 1. 
Now let us compare the difference between the number of integers in the interval 
between 2 and x  where the polynomials 1( ),... ( )rf n f n take prime values based on Bateman-
Horn conjecture with the actual values of the standard deviation obtained from formula (5.6): 
1 2 2
1 1 1 1 22 2
( ,... )( ... ) ( ,... ) ( ... )
ln ( ) ln ( )
x x
r r r rr r
dt dt
C f f h h C f f h h
t t
   ,   (5.7) 
where value 1( ,... )rC f f is defined by formula (5.2). 
For example, let consider the polynomial 2( ) 1f n n  . This polynomial meets all the 
requirements of Bateman-Horn conjecture. The value of the coefficient ( )C f  (determined for 
the polynomial by formulas (5.2) and (5.3)) is: 
( ) (1 ( 1/ )) / (1 1/ )
p
C f p p    ,       (5.8) 
where ( 1/ )p is the Legendre symbol. 
The value ( ) 0,6864067...C f  (for formula (5.8)) is found with high accuracy in paper 
[13]. 
Therefore the number of positive integers not exceeding x  for which the polynomial 
2( ) 1f n n  takes prime values (based on Bateman-Horn conjecture) is: 
2 2
( ,2, ) ~ ( ) / 2 / ln( ) 0,6864067... / ln( )
x x
f x C f dt t dt t    .    (5.9) 
Then, the standard deviation (5.7) for the polynomial 2( ) 1f n n  is: 
2
( ) 22 2
0,6864067... (0,6864067...)
ln ln ( )
x x
t
dt dt
t
  .     (5.10) 
We will use the data of the actual number of positive integers for which the polynomial 
2( ) 1f n n  takes prime values from paper [14]. 
The calculation results are presented in Table 3. 
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Table 3 
Value
x  
The actual number of 
positive integers for 
which the polynomial 
2( ) 1f n n  takes 
prime values 
 
The number of positive 
integers for which the 
polynomial 
2( ) 1f n n  takes prime 
values calculated by 
formula (5.9) 
The difference 
between the 
calculated and 
the actual 
numbers  
 
The standard 
deviation 
from formula 
(5.10) 
410  842 855 13 28 
510  6656 6609 -47 79 
51,8 10
 
11223 11250 27 103 
71,4 10
 
624535 624897 362 773 
 
Note that when the value 510x   then the difference is negative, but in other cases they 
are positive, what corresponds to the normal probability distribution. It is also worth mentioning 
that deviations between the determined on the basis of Bateman-Horn conjecture and the actual 
values are small. These deviations do not exceed one standard deviation determined by formula 
(5.10). 
6. CONCLUSION AND SUGGESTIONS FOR FURTHER WORK 
It has already been said that probabilistic estimations can be used in many cases as the 
only method of analysis of the distribution of primes. Therefore it is opportune to obtain 
probabilistic estimates of the accuracy of other indicators of the distribution of primes. Next 
paper will be devoted to the estimations of the accuracy of determining the distance between the 
consecutive primes and k-tuples. 
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